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Abstract 

Let X be a compact complex manifold, consider a small defor- 
mation (ft : X — > B of X, the dimension of the Dolbeault cohomology 
groups H q (Xt,£l Xt ) ma Y vary under this defromation. This paper 
will study such phenomenons by studying the obstructions to deform 
a class in H g (X, Q p x ) with the parameter t and get the formula for the 
obstructions. 



1 Introduction 

Let X be a compact complex manifold and (ft : X — > B be a family of 
complex manifolds such that (ft~ l (0) = X. Let X t = denote the 

fibre of (ft above the point t G B. We denote by Ox and Q p x the sheaves 
of germs of X of holomorphic functions and p-forms respectively. Recall 
hP>Q = dim c H*(X,n p x ) and P m = dimH°(X, (ft^)® m ) where n = dim c X. 
S.Iitaka proposed a problem whether all P m are deformation invariants [1]. 
This problem was solved by Iku Nakamura in his paper [2], and actually 
he gave us some examples of small deformations of complex parallelisable 
manifold (by a complex parallelisable manifold we mean a compact complex 
manifold with the trivial holomorphic tangent bundle) such that the hodge 
numbers of the fibre of the family jump in these deformations. 
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In this paper, we will study such phenomenons from the viewpoint of 
obstruction theory. More precisely, for a certain small deformation X of X 
parametrized by a basis B and a certain class [a] of the Dolbeaut cohomology 
group H q (X,fl p x ), we will try to find out the obstruction to extending it to 
an element of the relative Dolbeaut cohomology group H q (X, Q v x /b)- We 
will call those elements which have non trivial obstruction the obstructed 
elements. 

In §2 we will summarize the results of Grauert's Direct Image Theorems 
and we will try to explain why we need to consider the obstructed elements. 
Actually, we will see that these elements will play an important role when 
we study the jumping phenomenon of Hodge numbers. Because we will see 
that the existence of the obstructed elements is a necessary and sufficient 
condition for the variation of the Hodge diamond. 

In §3 we will get a formula for the obstruction to the extension we men- 
tioned above. 

Theorem 3.3 Let n : X — > B be a deformation o/7r _1 (0) = X, where X is 
a compact complex manifold. Let n n : X n — > B n be the nth order deformation 
of X. For arbitrary [a] belongs to H q (X,Q p ), suppose we can extend [a] to 
order n — 1 in H q (X n _ 1 , ^ n l / Bj)1 )- Denote such element by [a n _i]. The 
obstruction of the extension of [a] to nth order is given by: 

O n ,n-l(a) = rfx n _ 1 /B„_ 1 ° « n L(a n _i) + «nLOdx„_i/B n _i(an-l), 

where K n is the nth order Kodaira- Spencer class and dx„_ 1 /B n - 1 is the relative 
differential operator of the n — 1th order deformation. 

In §4 we will use this formula to study carefully the example given by Iku 
Nakamura, i.e. the small deformation of the Iwasama manifold and discuss 
some phenomenons. 
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2 Grauert's Direct Image Theorems and De- 
formation theory 

In this section, let us first review some general results of deformation 
theory. Let X be a compact complex manifold. The manifold X has an 
underlying differential structure, but given this fixed underlying structure 
there may be many different complex structures on X. In particular, there 
might be a range of complex structures on X varying in an analytic manner. 
This is the object that we will study. 

Definition 1.0 A deformation of X consists of a smooth proper morphism 
: X — > B, where X and B are connected complex spaces, and an isomor- 
phism X = _1 (O), where G B is a distinguished point. We call X — > B a 
family of complex manifolds. 

Although B is not necessarily a manifold, and can be singular, reducible, 
or non-reduced, (e.g. B = SpecC[e]/(e 2 )), since the problem we are going 
to research is the phenomenon of the jumping of the Dolbeaut cohomology, 
we may assume that X and B are complex manifolds. 

In order to study the jumping of the Dolbeaut cohomology, we need the 
following important theorem (one of the Grauert's Direct Image Theorems). 

Theorem 1.1 Let X , Y be complex spaces, ir : X — > Y a proper holomor- 
phic map. Suppose that Y is Stein, and let T be a coherent analytic sheaf on 
X . Let Y be a relatively compact open set in Y . Then, there is an integer 
N > such that the following hold. 
I. There exists a complex 

£■ : ... -> S- 1 -> £° -> ... -> S N -> 

of finitely generated locally free Oy -modules on Y such that for any Stein 
open set W C Y , we have 

H q (T(W,£ )) ~ r(W, R q n*(F)) ~ H q (-K- l (W),F) Vg e Z. 



II. (Base Change Theorem). Assume, 
Vx 6 I, the stalk T x is flat over as a 
exists a complex 



in addition, that T is ix-flat [i.e. 
module over Oy^x)]- Then, there 



£■ : -> S° -> S 1 -> ... -> £ N -> 
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of finitely generated locally free Oy -sheaves S p with the following property: 
Let S be a Stein space and f : S — > Y a holomorphic map. Let X = 
X Xy S and f : X — > X and n : X ^ S be the two projections. Then, if 
T is an open Stein subset of f~ 1 (Yo), we have, for all q G Z 

H«(T(T, /*(£'))) - V{T,RH'^)) ~ H%-k'-\T)^) 

where?' = {/)*{?). 

Let X,Y be complex spaces, tt : X — > F a proper map. Let JF be a 7r-flat 
coherent sheaf on X. For 1/ 6 F, denote by M. y the (9y-sheaf of germs of 
holomorphic functions "vanishing at y": the stalk of M. y at y is the maximal 
ideal of Y , y ] that at t 7^ y" is Oy it . We set .F(y) = analytic restriction 
of JF to 7r _1 (y) = T ® 0y (O y I 'M-y)- Since we just need to study the local 
properties, we may assume, in view of Theorem 1.0, part II, that there is a 
complex 



with the base change property in Theorem 1.0, part II. In particular, if 
y G Y, we have 

H«(n-\y),F(y)) ~ H*(£- ® (Oy/M y )). 

Apply what we discussed above to our case <fi : X — > B, we get the follow- 
ing. There is a complex of vector bundles on the basis B, whose cohomology 
groups at the point identifies to the cohomology groups of the fiber X b with 
values in the considered vector bundle on X, restricted to X b . Therefore, for 
arbitrary p, there exists a complex of vector bundles (E',d), such that for 
arbitrary t G B, Hi{X u Vt p Xt ) = H q (E t ) = Ker(d q ) / Im(d q - r ). 

Via a local trivialisation of the bundle E l , the differential of the complex 
E' are represented by matrices with holomorphic coefficients, and follows 
from the lower semicontinuity of the rank of a matrix with variable coefficients 
, it is easy to check that the function dimcKer(d q ) and —dimclm(d q ) are 
upper semicontinuous on B. Therefore the function dimcH q (E t ) is also upper 
semicontinuous. It seems that either the increasing of dimclm(d q ~ 1 ) or the 
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decreasing of dim<cKer(d q ) will cause the jumping of dim c H q (E t ), however, 
because of the following exact sequence: 

-> Ker(d q ) t -> El -> /m(d 9 )i -> W, 

which means the variation of —dimclm{d q ) is exactly the variation of dimcKer(d q ) , 
we just need to consider the variation of dimcKer(d q ) for all q. 

In order to study the variation of dimcKer(d q ), we need to consider the 
following problem. Let a be an element of Ker(d q ) at t = 0, we try to find 
out the obstruction to extending it to an element which belongs to Ker(d q ) 
in a neighborhood of 0. Such kind of extending can be studied order by 
order. Let £q be the stalk of the assocaited sheaf of E q at 0. Let itlq be 
the maximal idea of Ob,o- For arbitrary positive intergal n, since d q can be 
represented by matrices with holomorphic coefficients, it is not difficult to 
check d q {£« ® Ob , m%) C £ 9+1 

®o B ,o m o ■ Therefore the complex of the vector 
bundles (E',d') induces the following complex: 

-> S° ® OB , () OB, /m n * El®o Bfi O Bfl /m n Q ^ ... ^ E»<2>o Bja O Bfi /rr% £ 0. 

Definition 2.2 Those elements of H'(E ) which can not be extended are 
called the first class obstructed elements. 

Next, we will show the obstructions of the extending we mentioned above. 
For simplicity, my may assume that dim<cB = 1, suppose a can be extended 
to an element a n _i such that jQ~ 1 (d g (a n ^i))(t) = 0, then a n _i can be con- 
sidered as the n — 1 order extension of a. Here jQ~ 1 (d q (a n _i))(t) is the n — \ 
jet of d q (a n -i) at 0. 

Define a map o q n : H q (£ ®o Bfi O B , /m%) -> H q+1 (E ) by 

w ■— > bo(^(«n-l))W/n- 

At first, we need to check is well defined. So we need to show that 
[]q (d q (a n - 1 ))(t)/t n ] is Gp +1 -closed. Via a local trivialization of the bundles 
E'\ the differentials of the complex E' are represented by matrices with holo- 
morphic coefficients, and from the lower semi-continuity of the rank of a 
matrix with variable coefficients, we may assume that there always exists 
(<7i +1 , of +1 ) which are sections of E q+l such that (crf +1 | t=0 , cr^ +1 | t=0 ) 
form a basis of Ker(d q+1 : E% +1 -> E q +2 ) and Ker(d q+1 : E q+1 -> C 
5'pan{o-| +1 }. So we can write d 9 (a n _i) = Ylij fj a< j +1 ■ 
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Since j% 1 (d q (a n -i))(t)=0, we have /_,■ = and |^ — 0, % — l..n - I. 

i j j 



therefore 



j 

which means Jpr(d 9 (a: n _i))| t= o i s c^ +1 -closed. 

Next we are going to show that the equivalent class of Jpr(<i 9 (a:n-i))|t=o 
in H q+1 (E ) depends only on jQ _1 (a n _i)(t). Let (af, cr|) be a bases of 
-E 9 , we only need to show that if jo~ 1 (cx n -i)(t) = 0, then -§^:(d q (a n -i))\t=o 
belongs to Im(d q : E q — > Indeed, we can write a n -\ = J2j fj a j while 

fj(0) = 0, |£ = 0, i = l...n - 1, then, 

Therefore, ^(^(fi))| t=0 = tJNV?)I*=o, which belongs to Jm(d« : 

At last, we are going to show that the equivalent class of j^(d q (Q))\ t= Q 
in H q+1 (E Q ) depends only on the equivalent class of a n _i in H q (£ <S>o B o 
B ,o/mo)- Actually, we only need to show that if a n _i belongs to Im{d q ~ l : 
£t l ®o B , B ,o/m% -> ® Os0 B ,o/m%), we will have ^(rf 9 (a; n _i))| t= o 
belongs to Im(d q : -> In fact, let a4_i = d q ~ 1 {Y, j f^~ l ) such 

that ;?o _1 (a4-i)(£) — Jo From the discussion above, we have 

J^Tl 5^1^ 

^K-l))| t =0 = ^(cCl))|t=0 = ^(^(^(E/^r 1 ))) = 

i 

in H q (E). 

Remark It seems that j£ (d q (a n -i))(t) /t n depends on the connection of 
E q+1 . But, by using an induction argument, it is not difficult to prove that if 
H(d q (a n ^i))(t) = 0, Vi < n, then $ (d q (a n -i))(t) is independent of the choice 
of the connection of E q+1 . 

There is natural a map p\ : H q (E ) — > H q (£ ®o B o ^£,o/ m o +1 ) gi yen by 
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Denote the map p q+1 oo q n : H q (£ ®o B , B ,o/m%) - H q +\£ ® OB0 O Bfi /ml +1 ),\/i < 

n by o q n i . 

Next we will show that, for arbitrary i, < i < n, a n ^\ can be extended 
to a n which is the nth order extension of a such that jo~ 1 (o! n — a n _i)(t) = 
if and only if o q n n _j([a; n _i]) is trivial. For necessarity, (a n — a n -i)(t)/t l is sup- 
posed to be the preimage of o q n n _j([a; n _i]), so o q n n _j([a; n _i]) is trivial. There- 
fore we just need to check whether it is sufficient. In fact, if o^ n _j([a n _i]) 
is trivial, then there exists a section (3 of £ ®o so OB,o/ m o +1 suc ^ that 
d q {P) = o q n n _j([o; n _i]). Then it is not difficult to check that a„_i — t l (3 
is an n th order extension of a that we need, where (3 is an extension of (3 in 
the neighborhood of 0. Therefore we have the following proposition. 

Proposition 2.3 Let be an n — 1 th order extension of a, for arbitrary 
i, < i < n, a n _i can be extended to a n which is the nth order extension of 
a such that j'o _1 (an — ct n ~i)(t) = if and only if o^ n _j([o; n _i]) = 0. 

In the following, we will show that the obstructions o^([a n _i]) also play 
an important role when we consider about the jumping of dimclm(d q ). Note 
that dim<clm(d q ) jumps if and only if there exist a section j3 of dimcKer(d q+1 ), 
such that p is not exact while (3 t is exact for t ^ 0. 

Definition 2.4 Those nontrivial elements of H'(E ) that can always be 
extended to a section which is only exact at t ^ are called the second class 
obstructed elements. 

Note that if a is exact at t — 0, it can be extended to an element which is 
exact at every point. So the definition above does not depend on the element 
of a fixed equivalent class. 

Proposition 2.5 Let [(3] be an nontrivial element of H q+1 (E ) . Then [(3} 
is a second class obstructed element if and only if there exist n > and a n _i 
in H q (S <S>o B}0 B ,o/m^) such that o q n {\a n -i\) = [(3\. 

Proof. If o^([a n _i]) = \J3], then jQ(d q (a n _i))(t)/t n is the extension we need. 
On the contrary, if [f3] is a second class obstructed element. There exist 
(3 such that f3 t , t ^ is exact. Then (d q )~ 1 ((3) is a meromorphic section 
which has a pote at t — 0. Let n be the degree of (d q )~ 1 (/3). Then let 
ttn _ 1 = t n (d q y 1 ((3). It is easy to check that o«([a n _i]) = [(3\. □ 

Proposition 2.6 Let a n _i be an element of H q (£ ®o B o ^B,o/ m o) such 
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that o^([a n _i]) 7^ 0. Then there exists n < n and a be an element of 
H\E Q ® OBfi O B , /mi), such that p^\ o o q n {[a n ^\) = ^([a]) + 0. 

Proof. If o q n n _i([c»! n _i]) 7^ 0, then n = n and a' = a n _i. Otherwise, there 
exists a[, such that ^(a^) = p^t\ o o^([a n _i]). Note that o^_ ln _ 2 ([o;' 1 ]) = 

p^2 ° On(K-i]) = lri-2(K-i])' If we g° 011 s ^ e P by step as above, we 
can always get the n and a for there is at least one of the o^([ai n _i]) is 
nontrivial. □ 

This proposition tells us that althought o^([a„_i]) 7^ does not mean that 
°n,n-i([ a n-i\) 7^ 0, we can always find a such that o^([a„_i]) comes from 
obstuctions like o q n „_i ([«']). Therefore we can get the following corollary 
immediately from Proposition 2.5 and Proposition 2.6. 
Corollary 2.7 Let [j3\ be an nontrivial element of H q+1 (E ). Then [0\ is 
a second class obstructed element if and only if there exist n > and a n _i 
in H q (£ ® OBfi O B , /m%) such that o« jn _ 1 ([a n _ 1 ]) = p q n + _\([{3\) ■ 

Let us come back to our problem, suppose a can be extended to an 
element a n _i such that jQ~ 1 (d q (a n _i))(t) = 0, since what we care is whether 
a can be extended to an element which belongs to Ker(d q ) in a neighborhood 
of 0. So, if we have an nth order extension a n of a, it is not necessary that 
jo~ l {ct n — a n -i)(t) = 0,Vi, 1 <i < n. What we need is just jo(a n — a n -i)(t) = 
which means a n is an extension of a. So the "real" obstructions come from 
°n n-i([ a "-i])' Since these obstructions is so important when we consider the 
problem of variation of hodge numbers, we will try to find out an explicit 
calculation for such obstructions in next section. 



3 The Formula for the Obstructions 

We are going to prove in this section an explicit formula (Theorem 3.3) for 
the abstract obstructions described above. Let tt : X — > B be a deformation 
of 7r _1 (0) = X, where X is a compact complex manifold. For every integer 
n > 0, denote by B n = SpecOB,o/ m o +1 the nth order infinitesimal neighbor- 
hood of the closed point G B of the base B. Let X n C X be the complex 
space over B n . Let n n : X n — ■> B n be the nth order deformation of X. In 
order to study the jumping phenomenon of Dolbeaut cohomology groups, for 
arbitrary [a] belongs to H q (X, Q p ), suppose we can extend [a] to order n — 1 
in H q (X n -i, ^x„_i/b„_i)- Denote such element by [a„_i]. In the following, 
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we try to find out the obstruction of the extension of [a„_i] to nth order. 
Denote 7r*(m ) by A4 . Consider the exact sequence 

o - a^/ac 1 ® nr Xo/Bo - ^ - n^,^ - o 

which induces a long exact sequence 

H°(X,M n /M n +1 ®n p Xo/Bo ) - //°(X n ,^ n/B J - H (X n _ u W Xn _ i/Bn J 

^ H\x,M n /M n +1 ®n p Xo/Bo ) ^ .... 

The obstruction for [a n _i] comes from the non trivial image of the connecting 
homomorphism 5* : /F^, fi^^J -> ^ +1 (X, A^/AC*® 
We will calculate it by Cech calculation. 

Cover X by open sets U such that, for arbitrary i, U is small enough. 
More precisely, Ui is stein and the following exact sequence splits 

o - <(n^)(ui) - QxM) - ^„ /Bn (^) - o. 

So we have a map ipi : £Lx n /B n (Ui) -> (£/»), such that, v 7 i(^x„/s„(C^)) © 
7T*(O s „)(C/i) = fix„ Denote by ^, tf 1 the inclusion from <(fi Bn )(f/ i ) 
to £lx n (Ui) and its inverse. Define ^x n /s n by V 9 * ° dx n /B„ ° V 9 ^ 1 anc ^ by 
L i ° ds„ ° l^ 1 . Then it determines a local decomposition of the exterior dif- 
ferentiation dv in Q' Y 

Denote the set of alternating g-cochains f3 with values in T by C q (U, J 7 ), i.e. 
to each q+ 1-tuple, i < i-y... < i q , (5 assigns a section /3(i , ii, i q ) of T over 

E/ io nE/ il n...nt/ i ,. 

Let us still using ifi denote the following map, 

^:<(^ B jA^ n/Bn (C/,) - W x + ;(U t ) 
Vi (u h A ... A u ir A A ... A (3 jp ) = uj h A ... A u ir A ^0%) A ... A <Pi(0 jp ). 

Define tp : C«(U, <(fi B J A Q Xn/B J - C«(U, ^t) by 
¥>G0)(Mi, -,*,) = V<o Wo,<i, ...,< s )) V/3 e C ? (U,<(Q B J A ^ n/B J, 
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where i Q < < i q . 

Define the total Lie derivative with respect to B n 

by 

L Bn (/3)(i ,ii,...,i,)=d , B„Wo,ii,...,i,)) V/3 e C 9 (U, ^J, 
where «o < < 

Define, for each C/j the total interior product with respect to B n , P : 
^xM) ^ ^(U,) by 

p 

P(lJdgi A dg 2 A ... A d^) = ^ ^ dffi A ... A dg^i A d l Bn (^) A dg j+1 A ... A d^. 

When p = 0, we put P = 0. 

Define A : C q (U, tt p x J -> C 9+1 (U,^J by 

(A ) 9)(<o,...,t 9+ i) = (i io -r i ))9(ti, ...,<„+!) V/?eC«(U,fi£J. 
Lemma 3.0 

Aoy9 = 5oy9 — <£> O 5 

mod.Tr^filjA^ 1 - 

Proo/. Define J : C(U, fl^J - C^(U),Q X J by 

(J(/3))(i ,...,i,+i) = (-1)(^ -<Pii)Wi,-,i q +i), 
where i < i\ < ... < i q+1 . For arbitrary (3 belongs to C 9 (U, ^x n /s n )' 

9+1 

(5o^(/3))(i ,...,i ?+1 ) = J^(-l)V(/5)(io,-,ij,-,i g +i) 

i=o 

9+1 

+ 53(-l)Vio(/ 3 )( i o,-,«j,-,i5+i)' 
j'=i 
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while 



9+1 

((po6(/3))(i ,...,i q+1 ) = (p(^2(-iy(P)(i ,...,ij,...,i q +i)) 

3=0 

9+1 
j=0 

So we have 5 o ip — ip o 5 — J. 

Fix (i , iq+i) and let u = P(i 1: ... : i q+1 ). We must show that (P° — 

4)(^i(^)) = (-i)^ -ViiXuO mod <( fi B„) A ^ X - B y linearit y ? we ma y 

suppose (/^n^) — ^dgi A ... A dg p . Then 

V^o = V d x n /B n (9i) A - Ad x n /B n (9 P ) 

= fi(d 9l - d l x n/Bn ( gi )) A ... A (dg p - d l ^ n/Bn (g p )) 

v 

= fjidgi A ... A dg p - ^ jidgi A ...dg 3 -i A d\(g 3 - A d^+i A ... A dg p 

3=1 

+terms in <(Q|J A ft^T 1 . 
Thus = - / i0 o ^(w) mod.<(Q|J A Q£\ and P 1 o <p h = 0. 

which means A o (p = J mod. 7r*(Q Bn ) A ^x" 1 - ^ 

Now we are ready to calculate the formula for the obstructions. Let a be 
an element of C q (XJ, Q Xn / Bn ) sucn tnat i ts quotient image in C q (U, ^x n _i/B„_i) 
is a n _i. Then <J*([a n _i])="[(J(a)] which is an element of H q+1 (X, M^M^ 1 ® 

Denote rx n the restriction to the complex space X„. In order to give the 
obstructions an explicit calculation, we need to consider the following map 
p : H*(X, MZ/Mf 1 ® n X()/BQ ) -> tf^n-iX-i^l^-J A fik^J. 
which is defined by p[a] = [y? -1 o rx n _i ° L Bn ° V 9 ! ")]- 
Lemma 3.1 JTie map: p : H q (X, M^/M^ +l <g> ^ P Xo/Bo ) -> 

Proof. At first, we need to show that if <r is closed, then ip^ 1 o r Xn _ x ° is„ ° 
</?(cr) is closed, which is equivalent to show that 5 o r Xn _ x o L Bn o </?(ct) = 
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Note that d Xn o 5 = —5 o d Xn ■ Then 

$°rx n - 1 °L Bn o V (a) = r Xn _^ o 8 o L Bn o ip(a) 

= ~r Xn ^ o (5 o d Xn/Bn + d Xn/Bn o5 + L Bn o5)o <p(cr). 

Since 

L Bn oSo <f(a) = L Bn o (5 o <f - A o ip)(a) = L Bn o ip o 5(a) =0 

and 

r x n -r o(5o d Xn/Bn + d Xn/Bn o5)o ip(a) = 0, 

we have 5 o r Xn _ x o L Bn o (p(a) = mod. K-i( n l n \ Bn ^) A 

Next we need to show that if a is belongs to C q (U, M%/Mq +1 <g> ^ p Xo/Bo ), 
then (p~ l o rx n _j ° L Bn o ip o 5(a) is exact. In fact, as the calculation above: 
r Xn _ 1 oL Bn oi P o5(a) = -r^, o (5 o d Xn/Bn + d Xn/Bn O 5 + 6 o L Bn ) o <p(cr) = 
-5orx n _! ° L Bn oip(a). 



□ 

In general, the map p is not injective. However, as we mentioned at the 
end of the previous section. The "real" obstructions are o q n n ^i([ot n -i\) ■, but 
not o-?([a: n _i]). So we don't need p to be injective. In the following, we will 
explain that p([5(<5)]) is exactly the "real" obstructions we need. In fact, 

Let m = dimcB, let ti, i = 0...m be the local coordinates of B. Then 
p([<5(a)]) can be written as: X^o 6 ^®^' wnere on G H q (X n -i, ^ P Xn l i Bn _^)- 
For a certain direction suppose on ^ 0. Then by a simple calculation, it 
is not difficult to check that on = constant[5(a) /ti] in H q (X n -i, Q Xn _ 1 / Bn _ 1 )- 
While [5(a) /ti] is exactly the obstruction o q nn _ x ([ct n _i]) in the direction of 
we mentioned in the previous section. 

Now consider the following exact sequence. The connecting homomor- 
phism of the associated long exact sequence gives the Kodaira-Spencer class 
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of order n [4 1.3.2], 



By wedge the above exact sequence with ^^^~^ 1 / Bn _ 1 , we get a new exact 
sequence. The connecting homomorphism of such exact sequence gives us a 
map from H q (X n _ u W Xn _ l/Bn J to H^X^^Sl^^) A ^L/B n J- 
Denote such map by «„l, for such map is simply the inner product with the 
Kodaira- Spencer class of order n. By the definition and simply calculation 
it is not difficult to proof the following lemma. 

Lemma 3.2 Let 9 be an element of H q (X n -i, £l p x , B J, let 9 be an 
element ofC q (XJ, Q Xn , Bn ) such that its quotient image is 9. Then [K n \_9] is 
equal to [ip^ 1 o r Xn _ x ° 8 o </?(#)]. 

Let us come back to the problem we discussed, we have 

rx^, o L Bn o ip o 5(a) = r Xn _ x o L Bn o (5 o ip - X o ip)(a) 

= r x n -! oL Bn o5o ip(a) 

= -rx n _ L o (d Xn/Bn o5 + 5o d Xn/Bn + 5 o L B J o <p(a) 
= -rx n _! o (rf Xn/Bn o 5 + 5 o d x „/B n ) o ^(5) 

Therefore 

[rx^ o L Bn o (p o 5(a)] = [-rx^ o (d Xn/Bn o 5 + 5 o d Xn/B J o (p(a)} 

= -fc-x/Bn-i ° ^-i 5 o + o 5 o d Xn/Bn o y?(a)] 

= -[^od^., o v?- 1 o rx^S o ip(a) 

+rx n _! o 5 o v O (rfx„_ 1 /B„_ 1 («n-l))] 

= -[dx„_i/B„_i ° K n L« n -i + /t„Lorf Xn _ i/Bn _ i (a n _i)]. 
From the discussion above, we get the main theorem of this paper. 
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Theorem 3.3 Let n : X — > B be a deformation o/7r _1 (0) = X, w/iere X is 
a compact complex manifold. Let i\ n : X n — > _B n 6e t/ie nt/i order deformation 
of X . For arbitrary [a] belongs to H q (X,Q p ), suppose we can extend [a] to 
order n — 1 in H q (X n -i,Q? Xn _ i , Bn _ i ). Denote such element by [a n _i]. The 
obstruction of the extension of [a] to nth order is given by: 

O n ,n-l((Xn-l) = dx^/Bn-j. ° ^n^n-l) + KnLOd^ n _ 1 / B „_ 1 («n-l) , 

where K n is the nth order Kodaira-Spencer class and d Xn _ x iB n - x is the relative 
differential operator of the n — 1th order deformation. 

From the theorem, we can get the following corollary immediately. 
Corollary 3.4 Let n : X — > B be a deformation o/7r _1 (0) = X, where 
X is a compact complex manifold. Suppose that up to order n, the d± of the 
Frolicher spectral sequence vanishes. For arbitrary [a] belongs to H q (X,Q p ), 
it can be extended to order n + 1 in H q (X n+ i,Q p x ). 



4 An Example 

In this section, we will use the formula in previous section to study the 
jumping of the Hodge numbers h p,q of small deformations of Iwasawa man- 
ifold. It was Kodaira who first calculated small deformations of Iwasawa 
manifold [2]. In the first part of this section, let us recall his result. 

Set 





Z-2 








((:! 


1 


Zl 




j> 2* C 3 














1 ^2 W 3 

1 ui \ ; uji e Z + Zv 73 ! 
1 

The multiplication is defined by 

1 Z 2 + UJ2 Z3 + UJ 2 Z\ + CJ 3 
1 Zi + LO\ 

1 
X = G/T is called Iwasawa manifold. We may consider X = C 3 /T. g E T 
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operates on C 3 as follows: 



z[ = Zi + U-y, z' 2 = Z 2 +UJ2, 4 = Z 3 + UJ 1 Z 2 + ^3 

where g = (wi,W2,W3) and z' = z ■ g. There exist holomorphic 1-froms 
(pi,<f2, y?3 which are linearly independent at every point on X and are given 
by 

tpi = dz 1 , (p 2 = dz 2 , ip 3 = dz 3 - zidz 2 , 

so that 

d(pi = d(f 2 = 0, d(p 3 = -(ft A y? 2 - 

On the other hand we have holomorphic vector fields 0\, 62, 03 on X given by 
d d d d 

It is easily seen that 

[01, 02] = ~[02, 0l] = 03, [01, 03] = [02, 03] = 0. 

in view of Theorem 3 in [2], H l (X, O) is spanned by Tp^Tp 2 . Since 9 is 
isomorphic to O 3 , H l (X, TX) is spanned by Qjjp\, i = 1, 2, 3, A = 1, 2. 
The small deformation o f X is given by 

3 2 

ip(t) = ^2^2t iX 9iTp x t - (t u t 2 2 - t2it 1 2)6 3 Tp 3 t 2 . 

i=l A=l 

We summarize the numerical characters of deformations. The deformations 
are divided into the following three classes: 

i) tu = ti2 = t 2 i = t 2 2 = 0, X t is a parallelisable manifold. 

ii) tiit 2 2-t 2 iti2 = and (tu, t i2 , t 2 i, t 22 ) ^ (0,0,0,0), X t is not parallelisable. 

iii) tnt 2 2 — t 2 iti2 7^ 0, X t is not parallelisable. 





h 1 * 


h * 1 


h 2,0 
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h 0,2 
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h 2 * 1 
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Now let us explain the jumping phenomenon of the Hodge number by 
using the obstruction formula. From Corollary 4.3 in [6], it follows that the 
Dolbeault cohomology groups are: 

H°(X,Q) = Span{[ Vl ],[ V2 ],[ V3 ]}, 

H\X,0) = SpanH^], [^ 2 ]}, 

H°(X,tt 2 ) = Span{[ Vl Aip 2 ],[ip 2 A^.baA^i]}, 

H\X,Q) = Span{[(pi A <p x ]},i = 1,2,3, \ = 1,2, 

H 2 (X,0) = Span{[Tp 2 A Tp 3 ], [Tp 3 A y^]}, 

H°(X,Q 3 ) = Span{[ Vl A V2 A^]}, 

H\X,Q 2 ) = Span{[<pi A <pjA<p x ]},i,j = l,2,3,i <j,\ = 1,2, 

H 2 ^,^ 1 ) = Span{[ipi Alp 2 AJp 3 ],[<Pj ATp l Alp 3 ]},i,j = 1,2,3, 

H 3 (X,0) = SpanifaAlpzAlp^}, 

For example, let us first consider h 2 ' , in the ii) class of deformation. The 
Kodaira- Spencer class of the this deformation is ipi(t) = J2^=i Sa=i ti\QiiP\, 
with t u t 22 — t 2 iti 2 = 0. It is easy to check that Oi((/?i A(/? 2 ) = d(int{%l)i{t))(ipiA 
if 2 ) - int(il)i(t))(d((pi A (p 2 )) = 0, Oi(t n v?2 A v? 3 — t 2 i(pi A ip 3 ) = d((t u t 22 - 
t 2 iti 2 )(p 3 A Tp 2 ) = 0, and Oi(y9 2 A <p 3 ) = -t 21 <fi A <p 2 A <f ± - t 22 (p 1 A ip 2 A <p 2 , 
Oi((pi A (p 3 ) = —tu<fi A <f 2 A Tp 1 — t 2 i<fi A tp 2 A Tp 2 . Therefore, we have shown 
that for an element of the subspace Span{[ipi Aip 2 ], [tn(p 2 Aip 3 — t 2 iipi Af 3 }} , 
the first order obstruction is trivial, while, since (t n , t 12 , t 21 ,t 22 ) ^ (0, 0, 0, 0), 
at least one of the obstruction oi(ip 2 A ip 3 ), oi(ipi A ip 3 ) is non trivial which 
partly explain why the Hodge number h 2 ' jumps from 3 to 2. For another 
example, let us consider h 1 ' 2 , in the ii) class of deformation. It is easy to 
check that for an element of the subspace (the dimension of such a subspace 
is 5) Span{[(piATp x ATp 3 ], [t 12 ip 3 ATp 2 ATp 3 -t u ip 3 ATp l ATp 3 ]}, i = 1,2, A = 1,2, 
the first order obstruction is trivial, while at least one of the obstruction 
°i(^P3 A Tp 2 A Tp 3 ), Oi(ip 3 A Tp x A Tp 3 ) is non trivial. 

Remark 1 It is easy to see that, in the ii) or iii) class of deformation, the 
first order obstruction for any element in H l (X, Q) is trivial. The reason of 
Hodge number h 1:1, s jumping from 6 to 5 comes from the existence of the 
second class obstructed elements Oi(ip 3 ). After simple calculation, it is not 
difficult to get the structure equation of X t ,t ^ 0. 
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difi = 0, 
dip 2 = 0, 

dip 3 = -ifi A^ + ^ife), i = 1,2, A = 1,2, 

which can be considered an example of proposition 2.5. 
Remark 2 From the example we discussed above, it is not difficult to 
find out the following fact. Let X be an non-Kahler nilpotent complex par- 
allelisable manifold whose dimension is more than 2, and : X — > B be the 
versal deformation family of X. Then the Hodge number h 1,0 will jump in a 
neighborhood of G £?. In fact, let </?j, i = l...n,n = dimc(X) be the linearly 
independent holomorphic 1-forms of X. By the theorem 3 of [2], H l (X, O) is 
spanned by a subset of {y?j}, i = \..n. So we have <9 : (9) — > H X {X, Q) 

is trivial, which means one term of the first order obstruction of the holomor- 
phic 1-forms vanishes. Let 8i,i = l...n be the dual of ipi, which are linearly 
independent holomorphic vector fields. Since X is non-Kahler, which means 
X is not a torus, there exists ipi such that difi ^ 0. Since X is nilpotent, there 
exist ipj such that dipj = 0. Assume that difi = Aifk A ipi + ... with A ^ 0. 
Consider in iJ 1 (X, TX). It is easy to check that Oi(dipi,0}Jpj) ^ 0. 
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